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We derive a formula for the torus partition sum of the symmetric product of TT deformed
CFT’s, using previous work on long strings in (deformed) AdS3, and universality. The
result is given by an integral transform of the partition function for the block of the sym-
metric product, summed over its Hecke transforms, and is manifestly modular invariant.
The spectrum is interpretable as a gas of multiply wound long strings with a particular
orientation.
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In [1], we showed1 that the partition sum of a TT deformed CFT on a torus with
modulus ζ can be expressed as an integral transform of the partition sum of the undeformed
CFT (eq. (3.14) in [1]),
Z(ζ, ζ, λ) =
ζ2
2λ
∫
H+
d2τ
τ22
e
− pi
2λτ2
|τ−ζ|2
Zcft(τ, τ) . (1)
Here H+ is the upper half plane, Zcft is the partition sum of the undeformed CFT, and λ
is the TT coupling evaluated at the Kaluza-Klein scale R, the radius of the spatial circle
on which the theory lives (see [1] and references therein for further details).
Our derivation of (1) relied on two ideas: the universality of the TT deformation, and
the fact that a large class of these theories is obtained by studying the dynamics of long
strings on AdS3. In that context, τ in (1) is the modulus of the worldsheet torus.
We also showed in [1] that the string theory point of view is useful for generalizing (1)
to the case of general combinations of TT , JT , and TJ deformations, and the resulting
expressions have the expected modular properties; e.g. for TT deformed CFT, if the original
CFT (with partition sum Zcft) is modular invariant, (1) satisfies
Z
(
aζ + b
cζ + d
,
aζ + b
cζ + d
,
λ
|cζ + d|2
)
= Z(ζ, ζ, λ), (2)
as expected from general considerations [4].
In this note we point out that the construction of [1] also provides a simple expression
for the partition sum of a symmetric product of N TT deformed CFT’s,
SNMµ =M
N
µ /SN . (3)
Here Mµ is obtained from a CFT M by a TT deformation (with coupling µ). Note that
(3) is different from
(
SNM
)
µ
, the TT deformation of the symmetric product CFT SNM.
The former, which is often refered to as the single trace TT deformation, corresponds (to
first order in the coupling) to adding to the Lagrangian of the symmetric product CFT
the term
δL = µs
N∑
i=1
TiT i , (4)
1 A similar equation was found earlier from a different point of view in [2,3].
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where Ti, T i are the holomorphic and anti-holomorphic components of the stress-tensor of
the i’th copy of the CFT. The latter, a double trace deformation, corresponds to adding
to the Lagrangian the term
δL = µd
N∑
i,j=1
TiT j = µdTT . (5)
For the double trace deformation (5), the analysis of [1] applies directly and the partition
sum is given by (1), for the undeformed CFT SNM. The single trace deformation (3)
appears naturally in string theory on AdS3 [5-8], and we will use this to study it.
We first review the derivation of (1) in [1], and then extend it to the general case (3).
Consider the bosonic string2 on
AdS3 ×N , (6)
where N is a compact worldsheet CFT, and the AdS3 factor is described by a level k
WZW model for the group SL(2, IR). This background is obtained by starting with an
LST background of the form [9,10]
IRt × S
1 × IRφ ×N , (7)
adding to it p fundamental strings wrapping the S1, and taking the infrared (near-horizon)
limit. We will take p≫ 1, so that the string coupling on AdS3, g2s ∼ 1/p, is small.
The AdS/CFT correspondence relates string theory on (6) to a two dimensional CFT.
The spectrum of this CFT contains some discrete states corresponding to normalizable
string states on (6), and a continuum above a gap, which corresponds to long strings
[11-13]. The theory on one long string is the sigma model on
M = IRφ ×N , (8)
where IRφ describes a scalar field with linear dilaton, whose gradient is fixed by the con-
dition that the total central of (8) is cM = 6k [12].
3 The theory on n long strings is SnM
(see e.g. [14] and references therein).
2 To avoid BF violating tachyons we should be studying the superstring, but the difference
between the two will, for the most part, not play a role in our discussion. We will comment on
the superstring case below.
3 This gradient is in general different from that of the IRφ factor in (7).
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As discussed in [10,5], one can deform the background (6) by adding to the worldsheet
Lagrangian the term
δLws = αJ
−J
−
, (9)
where J−(J
−
) is one of the left (right) moving worldsheet SL(2, IR) currents. In the bulk
string theory this modifies the background (6) to M3 ×N , where M3 is the background
described e.g. by eq. (A.4) in [10]. This background interpolates between (6) in the
infrared region φ → −∞, and (7) in the ultraviolet (φ → ∞). The former is the near-
horizon geometry of p strings in the background (7); the latter is the geometry far from
the strings.
The worldsheet deformation (9) corresponds in the spacetime CFT to an irrelevant
deformation by an operator of dimension (2, 2), that has much in common with TT , but
is different from it [15]. In the long string sector, one can show that (9) corresponds
to deforming the symmetric product SNM (for N long strings) to (3) [5-8,14]. Thus,
calculating the partition sum of long strings on M3 × N gives the partition sum of the
corresponding symmetric product (3), withM given by (8). Universality can then be used
to generalize the result to any M, as in [1].
To calculate the partition sum of long strings onM3 ×N , one notes that they corre-
spond to δ-function normalizable states onM3, and therefore to compute their spectrum
it is enough to study the UV region φ → ∞, where the background is given by (7), and
eigenstates of the Hamiltonian are regular plane waves on IRφ. The spectrum of energies
of these states was studied for the different cases of TT in [5,6], JT in [16,17], and the
general combination of deformations in [14]. In all these cases, the spectrum was found to
be in agreement with a direct field theoretic analysis, for TT that of [18,19], for JT [16],
and for the general case [20,21].
To study the corresponding torus partition sum, one rotates time to Euclidean signa-
ture, and compactifies it together with the spatial coordinate (the S1 in (7)), on a torus
with modulus ζ. Thus, the torus partition sum of long strings is given by the partition
sum of string theory on
T 2 × IRφ ×N , (10)
where we only keep states with non-zero winding around the spatial circle. As discussed
in [1], the full partition sum of strings on (10) is given by
Z(ζ, ζ, λ) =
ζ2
2λ
∑
mi,wi∈Z
∫
F
d2τ
τ22
e−S{mi,wi}Z⊥(τ, τ) , (11)
3
where F is a fundamental domain of the modular group, Z⊥ is the torus partition function
of the CFTM (8), and
S{mi,wi} =
pi(w2ζ + w1)(w2ζ + w1)
2λτ2
(
τ −
m2ζ +m1
w2ζ + w1
)(
τ −
m2ζ +m1
w2ζ + w1
)
(12)
is the action4 of a linear map from the worldsheet T 2 with modulus τ to the spacetime T 2
with modulus ζ.
The partition sum (11) includes contributions from all perturbative string states in
the theory. To be more precise, the quantity
Z(g)(ζ, ζ, λ) ≡ exp Z(ζ, ζ, λ) (13)
is the trace of e−βH+iσp, with β ∝ ζ2, and σ ∝ ζ1, over all string states, including multi
string states constructed out of single string states of arbitrary winding (positive and
negative).
To make the connection with (3), we would like to restrict the sum to run over multi
string states with total string number N , constructed out of single string states with
positive winding. To do that, we follow [1] and turn on a B-field, B˜, on the T 2 (10). The
partition sum (11) becomes now a function of B˜ as well as the other variables, and in a
suitable normalization of B˜, is periodic with period one, Z(ζ, ζ, λ, B˜ + 1) = Z(ζ, ζ, λ, B˜).
As discussed in [1], it can be written as
Z(ζ, ζ, λ, η) =
∞∑
N=−∞
ZN (ζ, ζ, λ)η
N , (14)
where η = e−2piiB˜ and
N = w1m2 − w2m1. (15)
The integer N (15) is the winding number of the map from the worldsheet torus to the
target space one. To restrict the trace to states with a given total string number N , we
need to pick out the coefficient of ηN in Z(g) = exp Z as is defined in (13) and (14). There
is an infinite number of such contributions, due to the fact that the winding number N
given by (15) can take both positive and negative values.
In [1] we focused on the contribution Z1 (denoted by Z in (1)) to the partition sum
(14). This is the partition sum of single string states with winding one, which via the
4 Equation (12) is a re-writing of (3.6) of [1].
4
results of [5] is a TT deformed CFT of (8). In order to generalize the discussion to (3) we
need to do two things:
(1) Look at the coefficient of ηN with N > 1 in the partition sum Z(g).
(2) Keep only the contributions of states with total winding number N , which are com-
binations of states of positive winding. Examples of contributions that should be
included are those of single string states with winding N , two string states with wind-
ings N − 1 and 1, etc. Examples of states that shouldn’t contribute are two string
states with windings N + 1 and −1, or N and 0, etc.
To achieve that, we consider the modified partition sum
Ξ(ζ, ζ, λ, η) ≡ exp
[
∞∑
N=1
ηNZN (ζ, ζ, λ)
]
(16)
which differs from Z(g) in that the sum over N runs only over the positive integers, rather
than over all integers.
Our discussion above leads to the conjecture that expanding (16) in a power series in
η,
Ξ(ζ, ζ, λ, η) = 1 +
∞∑
N=1
ηNΞN (ζ, ζ, λ), (17)
the coefficient of ηN , ΞN (ζ, ζ, λ), is the partition sum of the symmetric product (3) of N
TT deformed CFT’s of the form (8).
The argument above is a “physics proof” of the formula for the partition sum of (3),
but one can prove directly that it is correct, by using results of previous work [22]. To do
that, we examine the partition sum ZN in (16),
ZN (ζ, ζ, λ) =
ζ2
2λ
∑
mi,wi| N
∫
F
d2τ
τ22
e−S{mi,wi}Z⊥(τ, τ). (18)
It is convenient to assemble (wi, mi) into a matrix(
m2 m1
w2 w1
)
. (19)
The sum in (18) is restricted to matrices (19) with determinant N (see (15)). Each such
matrix can be written uniquely as one of the matrices
TN =
{(
a b
0 d
)
, a, b, d ∈ Z ad = N, 0 ≤ b < d
}
(20)
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multiplied from the left by an element of SL(2, Z) [22]. We can use this to replace the sum
over (wi, mi) in (18) by a restricted sum over matrices of the form (20), and trade the sum
over elements of SL(2, Z) multiplying these matrices for an extension of the integration
region to the upper half plane. This “unfolding” is a generalization of the one done in [1]
for N = 1.
Using it and plugging in the values (20) into (18), we find that
ZN (ζ, ζ, λ) = TN
[
Z1(ζ, ζ, λ)
]
(21)
where the Hecke operator TN acts as
TN [Z1(ζ, ζ, λ)] =
1
N
∑
a,b,d
Z1
(
aζ + b
d
,
aζ + b
d
,
λ
d2
)
(22)
and the sum over (a, b, d) runs over the values in (20). Equation (22) is the equivalent of
(3.5) in [22].
Plugging (21) into (16) and using (17) we see that the result we got from our physics
arguments agrees with that obtained in [22] by studying the contributions to the partition
sum5 of the various sectors of the symmetric orbifold.
Some comments are useful at this point:
(1) The full partition sum (11), and its generalization to non-zero B-field, (14), is modular
invariant (2). Since the B-field does not transform under modular transformations of
the target space torus (see e.g. [23]), the Fourier components (14), (18) are modular
invariant as well, and the same is true for ΞN (17).
(2) We presented the discussion in the context of string theory on AdS3, where the unde-
formed CFTM that enters the discussion is (8), and its partition sum is Z⊥ in (11).
As in [1], we can use the universality of TT deformed CFT to generalize the result to
arbitrary unperturbed CFT’s, by replacing Z⊥ in (11) with the partition sum of the
undeformed CFT Zcft.
Our main conclusion is that the partition function of the symmetric product SNMµ
is given by ΞN defined via (16) and (17). It may be useful to make this quantity more
explicit for low values of N and to highlight its properites. For N = 2, we have
Ξ2 =
1
2
Z21 +Z2 . (23)
5 The authors of [22] studied the elliptic genus rather than the partition sum, but the difference
is not important for our purposes.
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We expect (23) to be the partition sum of S2Mµ = (Mµ ×Mµ) /Z2.
Using (21), (22), and the fact that for N = 2 there are three different TN (20),
T2 =
{(
2 0
0 1
)
,
(
1 0
0 2
)
,
(
1 1
0 2
)}
, (24)
we can rewrite (23) as
Ξ2(ζ, ζ, λ) =
1
2
Z1(ζ, ζ, λ)
2 +
1
2
Z1(2ζ, 2ζ, λ) +
1
2
Z1
(
ζ
2
,
ζ
2
,
λ
4
)
+
1
2
Z1
(
ζ + 1
2
,
ζ + 1
2
,
λ
4
)
.
(25)
The first two terms in (25) give the contribution of the untwisted sector, while the last two
terms give the contribution of the Z2 twisted sector. In our string theory construction, the
latter consists of single string states with winding number two around the spatial circle.
Note also that as λ→ 0, (25) reproduces the standard expression for the partition function
of a symmetric product CFT (see e.g. (10) of [24]).
For N = 3, we have
Ξ3 =
1
6
Z31 + Z1Z2 +Z3
=
1
6
Z1(ζ, ζ, λ)
3
+
1
2
Z1
(
2ζ, 2ζ, λ
)
Z1(ζ, ζ, λ) +
1∑
i=0
1
2
Z1
(
ζ + i
2
,
ζ + i
2
,
λ
4
)
Z1(ζ, ζ, λ)
+
1
3
Z1
(
3ζ, 3ζ, λ
)
+
2∑
i=0
1
3
Z1
(
ζ + i
3
,
ζ + i
3
,
λ
9
)
(26)
where the first terms on each of the last three lines combine into the partition function of
the untwised sector, the second term on the third line corresponds to the product of the
Z2 twisted and the untwisted sector, and the second term on the last line corresponds to
the Z3 twisted sector.
The fact that these terms combine into something interpretable as the Boltzman sum
for arbitrary N follows from the arguments in [22], and in the limit λ→ 0 the result agrees
with [24].
For general N , from (16) and (17) one sees that ΞN contains ZN with unit coefficient.
ZN , in turn, includes a contribution from the Hecke sum (22) corresponding to the elements(
1 i
0 N
)
(27)
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with 0 ≤ i < N . These give rise to
Ξ
(twisted)
N =
1
N
N−1∑
i=0
Z1
(
ζ + i
N
,
ζ + i
N
,
λ
N2
)
. (28)
This partition sum can be thought of as describing states living on a circle whose radius
is N times larger than the original R, but whose momentum is quantized in units of 1/R,
rather than 1/NR.
From the orbifold CFT perspective, these states form the ZN twisted sector. From
the string theory perspective, they are states with winding N around the circle of radius R
(and integer momentum). The rest of the contributions to ΞN correspond to symmetrized
products of various Zw twisted sectors with total winding number N , i.e. multi string
states.
We finish with a few comments:
(1) Here we discussed the case of single trace TT deformation of a CFT (4), but following
[1] it is easy to generalize the discussion to the case of general combinations of TT , JT ,
TJ and JJ deformations, for any combination of left and right-moving U(1) currents.
(2) We assumed that the canonical partition sum is obtained by compactifying Euclidean
time on a circle. This is true when the theory does not have (spacetime) fermions.
If it does, the construction of the canonical partition sum is a bit more complicated,
since the fermions need to be taken to be anti-periodic around Euclidean time. In
string theory it is well known how to implement these boundary conditions (see e.g.
[25]), and we can follow this construction here. We should note that if the theory
has spacetime fermions, the partition sum cannot be modular invariant since fermions
have half integer L0 − L0, so even before the deformation, a theory that has them is
not invariant under the T modular transformation.
(3) Another example (in addition to string theory on AdS3) where the construction of
this note is relevant is in the theory on N strings in flat spacetime. As is familiar from
matrix string theory [26], at low energies this theory flows to the CFT IR8N/SN . If
we keep the radius of the circle the N strings wrap finite, we find a theory of the form
(3), withM = IR8. It would be interesting to study it further.
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